TTP03-06 
DESY 03-021 
hep-ph/0303016 



Fermionic and Scalar Corrections 
for the Abelian Form Factor at Two Loops 

B. Feucht a '*, J. H. Kiihn a and S. Moch b 

a Institut fur Theoretische Teilchenphysik, 
Universitat Karlsruhe, 76128 Karlsruhe, Germany 

b Deutsches Elektronen- Synchrotron, DESY, 
Platanenallee 6, 15738 Zeuthen, Germany 



Abstract 

Two-loop corrections for the form factor in a massive Abelian theory are eval- 
uated, which result from the insertion of massless fermion or scalar loops into the 
massive gauge boson propagator. The result is valid for arbitrary energies and gauge 
boson mass. Power-suppressed terms vanish rapidly in the high energy region where 
the result is well approximated by a polynomial of third order in ln(s/M 2 ). The 
relative importance of subleading logarithms is emphasised. 
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1 Introduction 



One of the central tasks of the next generation of high energy colliders - the Large Hadron 
Collider presently under construction or projects under consideration like TESLA - will be 
the exploration of electroweak interactions at ultrahigh energies: in the TeV region or be- 
yond. The control of radiative corrections plays an essential role in this context. Important 
differences arise in their structure when comparing low energies, say up to 0(Mw,z), with 
this ultrahigh energy region. In the first case gauge boson self energies play the dominant 
role, with contributions from virtual top quarks or Higgs bosons as most prominent exam- 
ples. At high energies, however, large logarithms arising from virtual gauge boson exchange 
become increasingly important. The leading terms of order (a we ak/4vr) n ln 2n (s/M 2 ), often 
denoted Sudakov logarithms, could easily affect the cross section by 10% or more once the 
energy reaches one or two TeV. In principle these and even subleading terms have to be 
summed to all orders. In practice, in view of the smallness of the weak coupling, it is often 
sufficient to restrict the discussion to terms up to order a^ eak . (For recent discussions of 
electroweak Sudakov logarithms see e.g. [UI21E1III) 

At present, not only leading logarithms have been evaluated E|, using arguments 
originally developed in the context of QCD, next-to- leading (NLL, [HE]) and even next-to- 
next-to-leading (NNLL, U) logarithmic corrections have been calculated for four-fermion 
processes. Numerically these subleading terms are large and mostly of alternating sign. 
To arrive at reliable predictions, say at the level of 0(1%), the evaluation of all two-loop 
non-power-suppressed corrections for four-fermion processes seems desirable. Furthermore 
it seems useful to test the basic assumption of this approach that power-suppressed terms 
of order M 2 /s can be neglected. 

At the moment this program is completely out of reach, as far as four-fermion pro- 
cesses in the complete electroweak theory are concerned, and even in the context of a 
simplified version like a spontaneously broken SU(2) gauge theory or an Abelian theory 
with a massive gauge boson this seems like an extremely difficult task. In this present 
paper we therefore consider a simpler two-loop problem which nevertheless encompasses 
already many aspects of the complete calculation: The contributions from loops of mass- 
less fermions or scalars to the vertex function in an Abelian theory with a massive gauge 
boson, which already exhibits many features characteristic for the complete problem. 

The result will be presented for arbitrary s/M 2 . This allows to investigate the complete 
series in the logarithmic expansion as well as power-suppressed terms. In the next section 
we briefly recall the results for the form factor obtained in [7J |H1 E] and introduce our 
notation. In section|3]we present the main results of this paper and discuss its implications. 
Section 0] contains our summary and conclusions. 

2 The Abelian form factor 

Let us begin with a discussion of the form factor for the vector current in an Abelian gauge 
theory with a massive gauge boson and massless fermions in the Sudakov limit. In Born 
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approximation, one writes 

Fb = ^(P2)7^(Pi)> (!) 

and we study the limit s = (pi —P2) 2 —* —00 with on-shell massless fermions, p\ = p\ = 0, 
and massive gauge bosons, M 2 <C —s. For convenience we choose pi t2 = (Q/2, 0, 0, =fQ/2) 
so that 2pi-p 2 = Q 2 = —s and limit the discussion to the spacelike region. The transition 
to timelike momentum transfer is easily accomplished through analytic continuation. 

The large logarithmic corrections in the Sudakov limit can be resummed to all orders 
of perturbation theory jTOlE], such that the asymptotic behaviour of the form factor is 
obtained from 



frQ 2 dr T r x dr' 
/ — / ^( a (x')) + ((a(x)) + £(a(M 2 )) 
Jm» X IJ M 2 X' 



(2) 



The next-to-next-to-leading logarithmic corrections include all the terms of the form 
a n log 2n ~ m (Q 2 / M 2 ) with m = 0, 1, 2. To this accuracy, one needs for the anomalous 
dimensions 7, ( and £ in Eq. (J2J) the one-loop results 
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as well as the two- loop result for the anomalous dimension 7^. Here we define 7 = 
Y2 n (^) j( n ' and similarly for £, £ and F . An efficient strategy for the evaluation of the 
anomalous dimensions listed in Eq. © which was based on the expansion by regions has 
been described in jjj. In the MS-scheme, including rif light fermions and n s light scalars 
in the fundamental representation, 7 ( 2 - ) reads ^21 [H3 E] 
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The result for the form factor, up to 0(a 2 ), is written in the following form: 
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and a 



a- 



MS 



^={^ > (£) + (< w+ « m K£) + tf > }*- 

(M 2 ). To obtain F 2 \ one expands Eq. (J2J) for the form factor at two loops 
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up to next-to-next-to-next-to-leading logarithmic (N 3 LL) accuracy, 



r 



(2) 



LL 



(2) 
NLL 



(7) 



M 2 



2 



NNLL 



^ (7 (2) + (C (1) - /3o)C (1) + F (1) 7 (1) ) In 2 (^) 7b, 0) 



(C (2) +e (2) + Fo (1) C (1) ) In (^)^b, 



= ( C W + e W + W 1 ' ) ^ ( ^ ) 7b, (10) 

where £W = o has been omitted. 

Employing the results of Eqs. (J3j) and we see a particular pattern of growing coef- 
ficients of the logarithms which reflects the general structure of logarithmically enhanced 
electroweak corrections. For an Abelian theory {Cp — 1, T F — 1, Ca = 0), 



+ (?"' + !- + r 2+8 > 2 ©h (12) 



to NNLL accuracy. The relatively small coefficient of the leading logarithm and the large 
coefficient of the NNLL term in the form factor are clearly indicative of the importance 
of subleading logarithmic corrections. At N 3 LL accuracy, the still unknown quantities 
and £^ enter. 



3 Fermionic and scalar contributions at two loops 

As stated in the introduction, the evaluation of all two-loop terms linear in the logarithm 
or even of the two-loop constant terms is desirable. As a first step, and as a new result, 
the corrections due to rif massless fermions and n s charged massless scalars have been cal- 
culated for the Abelian form factor. These fermionic and scalar corrections are separately 
gauge invariant and renormalisable. In two loops, they give contributions proportional to 
rif and n s respectively. 

To calculate these terms, the two-loop diagrams depicted in Fig. [T] and the gauge boson 
mass renormalisation have been evaluated. This calculation was done using dimensional 
regularisation. Due to the simple topologies of the diagrams in Fig. Q the integration 
corresponding to the insertion of the fermion or scalar loop can be done first, leaving only 
one-loop integrals with an additional massless propagator of non-integer power. Tensor 
integrals were reduced to scalar ones by employing the method developed by Passarino 
and Veltman ^3]. After using partial integration for further reduction, we were left with 
only three master integrals which could be calculated with the help of Feynman parameters. 
Alternatively, it is also possible to evaluate all integrals resulting from the tensor reduction 
directly with the method of nested sums [THJ H3 EE] ■ 

The renormalisation of the coupling a was performed in the MS-scheme at the scale 
fj 2 = M 2 . The "on-shell mass" M of the gauge boson is defined as the location of the zero 
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Figure 1: Two-loop diagrams contributing to the fermionic and scalar form factor. The 
circle represents a fermion loop for the n/-part or a scalar loop for the n s -part of the form 
factor. 



of the real part of the inverse propagator, 



Re [p 2 - M^ are - S barc (p 2 )] p2=M2 = 0, 



(13) 



thus 



M 2 are = M 2 -Re£ bare (M 2 ). (14) 

The difference between this definition and another one, where M 2 is defined as the real 
part of the location of the pole of the propagator, becomes relevant only in higher orders. 

The contributions of rif fermions and n s scalars, together with the Born term and the 
one- loop result, yield 



F=<1 + 
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for arbitrary z = M 2 /Q 2 . From Eq. (|T3jl one easily derives the large logarithms in the high 
energy limit, i.e. z = M 2 /Q 2 — > 0, 
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This result has also been obtained through dispersion relations similarly to the technique 
discussed in [TH] . 

The terms up to \n 2 (z) at two loops agree with the result from the evolution equation, 
i.e. Eqs. ( J 7})-(|9* |) and (|12p. The coefficients of the terms proportional to ln(z) and the 
constant terms represent a new result. With the help of Eq. (|10jh one can determine 
the contributions of light fermions and light charged scalars to the sum of the anomalous 
dimensions and 



c (2) + e 
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Let us define the form factor in terms of scaling functions as 

T = { x + + (£)' + "-^O } *» ■ < 18) 

Before entering the discussion of the two- loop result, let us recapitulate some qualitative 
features of the one-loop result which will reappear for the two-loop integral. The result for 
T^~> has been known since long (e.g. |2TH I21j). 
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Let us adopt M = 100 GeV as a typical choice for electroweak gauge boson masses and 
compare the complete answer ()19|) with the approximation where power-suppressed terms 
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Figure 2: The one- loop contribution J 7 ^ 1 ' of the Abelian form factor as defined in Eq. (jlBj). 
Plotted are the exact result (fTTJj) and the complete logarithmic approximation (|20j) . 

are neglected (Eq. EUJ). For energies above 500 GeV, corresponding to z rj 0.04, power- 
suppressed terms are small, and above 1000 GeV they can safely be neglected (Fig. |2J). 
On the other hand, leading, subleading logarithm and constant are of alternating sign, the 
respective coefficient increases markedly and large compensations are apparent even in the 
multi-TeV region (Fig. |3J). 

We will now turn to the two-loop result, Eqs. (fTB]) and (fTo]) . To assess the quality of 

_____ ^ /^\ a ?n\ _____ 

the logarithmic approximation of Eq. (fTHjl. we plot .FA/ and TnJ as defined in Eq. (fTS|) for 

M = 100 GeV. In Fig. H the exact result for ^ and as given in Eq. (fTB^) is compared 
with the complete logarithmic approximation from Eq. (|16|). Good agreement is observed 
over a wide range in Q. Power-suppressed corrections proportional to M 2 /Q 2 are small in 
the high energy regime Q > 500 GeV relevant for future colliders. This result justifies the 
approximation which neglects power-suppressed terms in the calculation of the whole form 
factor. 

In the next step we investigate the quality of leading, next-to-leading and next-to-next- 
to-leading logarithmic approximations. A pattern of growing coefficients of the logarithms 
in Eq. (fTBj) is observed which continues up to the constant term. This is evident from 
Fig. El which shows the individual contributions of different powers of logarithms as given 
in Eq. (I16|) as well as the complete logarithmic approximation. Large cancellations between 
subsequent powers of logarithms are observed. Thus the full result is small compared to 
the size of the individual contributions. Even at 4 TeV the constant term is comparable 
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Figure 3: The one- loop contribution J 7 ^ 1 ' of the Abelian form factor as defined in Eq. (|18j). 
Plotted are the individual contributions of the large logarithms as well as the complete 
logarithmic approximation. 



in size to the full result. Considering e.g. the n/-part, the leading logarithm alone would 
overshoot the full result by a factor of more than 10. 



4 Summary and conclusions 

Two-loop contributions to the form factor resulting from virtual massless fermion and scalar 
loops have been evaluated in the context of a massive Abelian theory. It is demonstrated 
that power-suppressed terms become small for M 2 / s < 1/25. The leading and subleading 
logarithmic terms of order ln 3 (s/M 2 ) and ln 2 (s/M 2 ) reproduce those derived in [Hj. 

A marked increase is observed for the coefficients of the linear logarithm and the con- 
stant term. To arrive at a reliable prediction for electroweak processes in the TeV region, 
the control of these subleading terms seems to be required also for the complete four-fermion 
process. 
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Figure 4: The fermionic contribution Tnj and the scalar contribution FnJ of the Abelian 
form factor at two loops as defined in Eq. (fTSj) . Plotted are the exact result and the 
complete logarithmic approximation. 
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Figure 5: The fermionic contribution Tn] and the scalar contribution FnJ of the Abelian 
form factor at two loops as defined in Eq. (fTSj) . Plotted are the individual contributions of 
the large logarithms as well as the complete logarithmic approximation. 
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